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TOEPLITZ OPERATORS BETWEEN DISTINCT BERGMAN SPACES
SIYU WANG AND ZIPENG WANG
Abstract. For −1 < α <∞, let ωα(z) = (1 + α)(1− |z|
2)α be the standard weight on
the unit disk. In this note, we provide descriptions of the boundedness and compactness
for the Toeplitz operators Tµ,β between distinct weighted Bergman spaces L
p
a(ωα) and
Lqa(ωβ) when 0 < p ≤ 1, q = 1, −1 < α, β < ∞ and 0 < p ≤ 1 < q < ∞,−1 < β ≤ α <
∞, respectively. Our results can be viewed as extensions of Pau and Zhao’s work in [6].
Moreover, partial of main results are new even in the unweighted settings.
1. Introduction
For 0 < p < +∞ and −1 < α < +∞, let Lpa(ωα) be the weighted Bergman space which
contains analytic functions f on D such that
‖f‖Lp(ωα) :=
(∫
D
|f(z)|pωα(z)dA(z)
) 1
p
< +∞,
where dA is the normalized area measure on D and ωα(z) = (1 + α)(1 − |z|
2)α is the
standard weight. For a finite positive Borel measure µ on D, define the Toeplitz operator
Tµ,α by
Tµ,α(f)(z) =
∫
D
f(w)
(1− zw¯)2+α
dµ(w), z ∈ D.
The boundedness and compactness of the Toeplitz operators Tµ,α on the Bergman space
Lpa(ωα) are classical in operator theory on Bergman spaces [12]. When 1 < p < +∞, these
problems were solved by Luecking and Zhu [5, 11], while the case p = 1 were considered
in [9, 10]. In [7, 8], Pela´ez, Ra¨ttya¨ and Sierra completely characterized bounded and
compact Toeplitz operators between distinct weighted Bergman spaces Lpa(ω) and L
q
a(ω)
for 1 < p, q < +∞ if the weight ω is regular. Very recently, Duan, Guo and the current
authors [1] extended Pela´ez, Ra¨ttya¨ and Sierra’s work to the endpoint Bergman spaces
and obtained necessary and sufficient conditions of the positive measure µ such that the
Toeplitz operator between Lpa(ω) and L
1
a(ω) is bounded and compact for 0 < p ≤ 1.
Using some new characterizations on Carleson measures for weighted Bergman spaces,
Pau and Zhao presented full characterizations [6, Theorem 1.2 and Theorem 4.2] of the
boundedness and compactness of the Toeplitz operators Tµ,β : L
p
a(ωα) → L
q
a(ωγ), where
the parameters α, β, γ, p and q satisfy
2 + β > max{1, p−1}+ p−1(1 + α)
2 + β > max{1, q−1}+ q−1(1 + γ)
for 0 < p, q <∞ and −1 < α, β, γ <∞.
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Observe that if p = 1 and q > 1, Pau and Zhao’s result is valid for α < β. This
motivates us to study the questions of Toeplitz operators Tµ,β : L
p
a(ωα) → L
q
a(ωγ) when
the ranges of parameters can not be covered by the ones of Pau and Zhao. In this note, we
restrict our attentions to β = γ partially because of its close relations to the two weight
inequalities for Bergman projections [3]. In this case, Pau and Zhao’s conditions read as
(1.1) 2 + β > max{1, p−1}+ p−1(1 + α)
(1.2) 2 + β > max{1, q−1}+ q−1(1 + β).
We further note that the condition (1.2) never hold if the image of Toeplitz operator Tµ,β
is in L1a(ωβ). The first result of this paper is devoted to the boundedness and compactness
of Tµ,β : L
p
a(ωα)→ L
1
a(ωβ) for 0 < p ≤ 1 and −1 < α, β < +∞.
For 0 < p, q <∞ and −1 < α < +∞, a finite positive Borel measure µ on D is said to
be a q-Carleson measure for Lpa(ωα) if there exists a positive constant C such that
‖f‖Lq(µ) ≤ C‖f‖Lp(ωα)
for any f ∈ Lpa(ωα). The measure µ is a vanishing q-Carleson measure for L
p
a(ωα) [12,
page 166] if for any bounded sequence {fn}
∞
n=1 in L
p
a(ωα) such that {fn}
∞
n=1 uniformly
converges to 0 on each compact subset of D, we have
lim
n→+∞
∫
D
|fn(z)|
qdµ(z) = 0.
For any α > 0, let LBα be the Banach space of analytic functions f on D such that
‖f‖LBα := |f(0)|+ sup
z∈D
(1− |z|2)α
(
log
2
1− |z|2
)
|f ′(z)| < +∞
and LBα0 be the set of analytic functions f on D such that
lim
|z|→1−
(1− |z|2)α
(
log
2
1− |z|2
)
|f ′(z)| = 0.
Theorem 1.1. Let µ be a positive Borel measure, 0 < p ≤ 1 and −1 < α, β < ∞. Then
Tµ,β : L
p
a(ωα) → L
1
a(ωβ) is bounded if and only if µ is a
1
p
-Carleson measure for L1a(ωα)
and Tµ, 2+α
p
−2(1) ∈ LB
1.
Theorem 1.2. Let µ be a positive Borel measure, 0 < p ≤ 1 and −1 < α, β < ∞. Then
Tµ,β : L
p
a(ωα)→ L
1
a(ωβ) is compact if and only if µ is a vanishing
1
p
-Carleson measure for
L1a(ωα) and Tµ, 2+α
p
−2(1) ∈ LB
1
0.
As we have mentioned above, when the Toeplitz operator Tµ,β acts on the Bergman
space L1a(ωα), Pau and Zhao’s characterization can be applied for β > α. We shall consider
the ranges of 0 < p ≤ 1 < q <∞ and −1 < β ≤ α <∞ and obtain the following results.
Theorem 1.3. Let µ be a positive Borel measure, 0 < p ≤ 1 < q < ∞ and −1 < β ≤
α < ∞. Then Tµ,β : L
p
a(ωα) → L
q
a(ωβ) is bounded if and only if µ is a (
1
p
+ t
q′
)-Carleson
measure for L1a(ωα), where t =
β+2
α+2
and 1
q
+ 1
q′
= 1.
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Theorem 1.4. Let µ be a positive Borel measure, 0 < p ≤ 1 < q < ∞ and −1 <
β ≤ α < ∞. Then Tµ,β : L
p
a(ωα) → L
q
a(ωβ) is compact if and only if µ is a vanishing
(1
p
+ t
q′
)-Carleson measure for L1a(ωα), where t =
β+2
α+2
and 1
q
+ 1
q′
= 1.
The rest of this paper is organized as follows. In section 2, we prove Theorem 1.1 and
Theorem 1.3 which provide characterizations for the boundedness of Tµ,β : L
p
a(ωα) →
Lqa(ωβ) when 0 < p ≤ q = 1, −1 < α, β < ∞ and 0 < p ≤ 1 < q < ∞, −1 < β ≤ α <∞,
respectively. In section 3, we first discuss the definition of compact Toeplitz operators on
Lpa(ωα) for 0 < p < 1 and p ≥ 1. Then we prove Theorem 1.2 and Theorem 1.4 to give
descriptions for the compactness of Tµ,β : L
p
a(ωα) → L
q
a(ωβ) under the same assumptions
as the boundedness ones.
In this paper, we will use a . b to represent that there exists a constant C = C(·) > 0
satisfying a ≤ Cb, where the constant C(·) depends on the parameters indicated in the
parenthesis, varying under different cases. Moreover, if a . b and b & a, then we denote
by a ≍ b.
2. Boundedness of Toeplitz operators
The goal of this section is to prove Theorem 1.1 and Theorem 1.3. We start with
the following result (see [12, Theorem 5.3]) which describes the dual space of L1a(ωα) for
−1 < α < +∞ and is frequently used throughout our work.
Lemma 2.1. Let −1 < α < +∞. Then the dual space of L1a(ωα) is the Bloch space B via
the integral pairing,
〈f, g〉L2(ωα) = lim
r→1−
∫
D
f(rz)g(rz)ωα(z)dA(z), f ∈ L
1
a(ωα), g ∈ B,
where the Bloch space B is the Banach space of analytic functions such that
‖f‖B := |f(0)|+ sup
z∈D
(1− |z|2)|f ′(z)| < +∞.
For z ∈ D and r ∈ (0, 1), we will use B(z, r) = {ζ ∈ D : |z − ζ | < r} and D(z, r) =
{ζ ∈ D : ρ(z, ζ) < r} to represent the Euclidean disk and the pseudohyperbolic disk
respectively, where ρ(z, ζ) =
∣∣ z−ζ
1−z¯ζ
∣∣.
Proposition 2.2. Let µ be a positive Borel measure, 0 < p ≤ 1 and −1 < α, β < ∞. If
Tµ,β : L
p
a(ωα)→ L
1
a(ωβ) is bounded, then µ is a
1
p
-Carleson measure for L1a(ωα).
Proof. Let c ∈ (1
p
,+∞) and z ∈ D, consider the functions
fz(ζ) =
(1− |z|2)(α+2)(c−
1
p
)
(1− z¯ζ)αc+2c
and
gz(ζ) =
(1− |z|2)αc+2c
(1− z¯ζ)αc+2c
, ζ ∈ D.
From [12, Lemma 3.10] and direct calculations, we have
‖fz‖Lp(ωα) ≍ 1
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and
‖gz‖B ≍ 1.
Let r ∈ (0, 1). By Lemma 2.1 and the boundedness of Tµ,β ,
〈Tµ,β(fz), gz〉L2(ωβ) =
∫
D
fz(ζ)gz(ζ)dµ(ζ)
= (1− |z|2)(α+2)(2c−
1
p
)
∫
D
1
|1− z¯ζ |2αc+4c
dµ(ζ)
≥ (1− |z|2)(α+2)(2c−
1
p
)
∫
D(z,r)
1
|1− z¯ζ |2αc+4c
dµ(ζ)
≍
µ(D(z, r))
(1− |z|2)
α+2
p
(2.3)
and
〈Tµ,β(fz), gz〉L2(ωβ) ≤ ‖Tµ,β(fz)‖L1(ωβ)‖gz‖B ≤ ‖Tµ,β‖Lp(ωα)→L1(ωβ)‖fz‖Lp(ωα)‖gz‖B.
Therefore,
sup
z∈D
µ(D(z, r))
(1− |z|2)
α+2
p
< +∞.
It follows that µ is a 1
p
-Carleson measure for L1a(ωα). 
Before stating the proof of Theorem 1.1, we give a useful estimation of Bloch functions.
Lemma 2.3. Let 0 < p ≤ 1, −1 < α <∞ and t = α+2
p
+1. If µ is a 1
p
-Carleson measure
for L1a(ωα), then for any g ∈ B,
sup
ζ∈D
(1− |ζ |2)
∫
D
|g(z)− g(ζ)|
|1− zζ¯ |t
dµ(z) . ‖g‖B.
To prove Lemma 2.3, recall that a sequence {zj}
∞
j=1 ⊆ D is called δ-separated (δ > 0)
if ρ(zi, zk) ≥ δ when i 6= k. For r ∈ (0, 1), a sequence {zj}
∞
j=1 is said to be an r-lattice if
{zj}
∞
j=1 satisfies
D =
∞⋃
j=1
D(zj, 5r)
and r
5
−separated. We will frequently use the fact that every z ∈ D belongs to at most
N = N(r) pseudohyperbolic disks D(zj, r), where {zj}
∞
j=1 is a separated sequence (see
Lemma 12 of Chapter 2 in [2] or Lemma 3 in [4]).
Proof of Lemma 2.3. Let t = α+2
p
+ 1 and
λ ∈ (max{0, 3− t}, 1).
For any g ∈ B, it follows from [9, Proposition 2.4] that
sup
z,ζ∈D,z 6=ζ
|g(z)− g(ζ)|(1− |z|2)1−λ(1− |ζ |2)1−λ
|z − ζ ||1− z¯ζ |1−2λ
. ‖g‖B.(2.4)
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Let {ξj}
∞
j=1 be an r-lattice for a fixed r ∈ (0, 1). Using the property of subharmonicity
and the condition that µ is a 1
p
-Carleson measure for L1a(ωα), for ζ ∈ D, we deduce∫
D
(1− |z|2)λ−1
|1− z¯ζ |2λ+t−2
dµ(z) ≤
∞∑
j=1
µ(D(ξj, 5r)) sup
z∈D(ξj,5r)
(1− |z|2)λ−1
|1− z¯ζ |2λ+t−2
≤
∞∑
j=1
µ(D(ξj, 5r)) sup
z∈D(ξj,5r)
(1− |z|2)λ−1
( r(1−|z|
2)
2(1+r)
)2
∫
B(z, r(1−|z|
2)
2(1+r)
)
1
|1− u¯ζ |2λ+t−2
dA(u)
.
∞∑
j=1
µ(D(ξj, 5r)) sup
z∈D(ξj,5r)
1
(1− |z|2)α+2
∫
D(z,r)
(1− |u|2)λ+α−1
|1− u¯ζ |2λ+t−2
dA(u)
.
∞∑
j=1
µ(D(ξj, 5r))
(1− |ξj|2)α+2
∫
D(ξj ,6r)
(1− |u|2)λ+α−1
|1− u¯ζ |2λ+t−2
dA(u)
≍
∞∑
j=1
µ(D(ξj, 5r))
(1− |ξj|2)
α+2
p
∫
D(ξj ,6r)
(1− |u|2)λ+α−1+
(2+α)(1−p)
p
|1− u¯ζ |2λ+t−2
dA(u)
.
∫
D
(1− |u|2)λ+t−4
|1− u¯ζ |2λ+t−2
dA(u).(2.5)
Let
I(ζ) = (1− |ζ |2)
∫
D
|g(z)− g(ζ)|
|1− zζ¯ |t
dµ(z).
Combining (2.4), (2.5) with [12, Lemma 3.10], for any ζ ∈ D, we obtain
I(ζ) =(1− |ζ |2)λ
∫
D
|g(z)− g(ζ)|(1− |z|2)1−λ(1− |ζ |2)1−λ|
|z − ζ ||1− z¯ζ |1−2λ
|z − ζ |
|1− z¯ζ |
(1− |z|2)λ−1
|1− z¯ζ |2λ+t−2
dµ(z)
.‖g‖B(1− |ζ |
2)λ
∫
D
(1− |z|2)λ−1
|1− z¯ζ |2λ+t−2
dµ(z)
.‖g‖B(1− |ζ |
2)λ
∫
D
(1− |u|2)λ+t−4
|1− u¯ζ |2+(λ+t−4)+λ
dA(u)
≍‖g‖B,
which completes the proof. 
Now we are going to prove Theorem 1.1. Recall that the Toeplitz operator Tµ,β :
Lpa(ωα) → L
q
a(ωγ) is bounded [12, page 164] if there exists a constant Cp,q such that for
all polynomials f
‖Tµ,β(f)‖Lq(ωγ) ≤ Cp,q‖f‖Lp(ωα).
Proof of Theorem 1.1. Let η = 2+α−p
p
and ωη(z) = (
2+α
p
)(1 − |z|2)
2+α−p
p be a standard
weight. From Lemma 2.1, for any f ∈ Lpa(ωα) and g ∈ B, it follows that
〈Tµ,β(f), g〉L2(ωβ) = 〈f, g〉L2(µ) =
∫
D
Pωη(f g¯)(z)dµ(z) +
∫
D
(f g¯)(z)dµ(z)−
∫
D
Pωη(f g¯)(z)dµ(z),
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where Pωη is the orthogonal projection from L
2(ωη) to the weighted Bergman space L
2
a(ωη).
Let
I1 =
∫
D
Pωη(f g¯)(z)dµ(z)(2.6)
and
I2 =
∫
D
(f g¯)(z)dµ(z)−
∫
D
Pωη(f g¯)(z)dµ(z).(2.7)
Now we are devoted to estimating I1. By [12, Theorem 4.14],
|I1| ≤
∫
D
|f(ζ)|ωη(ζ)|g(ζ)|
∣∣ ∫
D
1
(1− z¯ζ)η+2
dµ(z)
∣∣dA(ζ)
=
∫
D
|f(ζ)|p|f(ζ)|1−pωη(ζ)|g(ζ)|
∣∣∫
D
1
(1− z¯ζ)η+2
dµ(z)
∣∣dA(ζ)
≤
∫
D
|f(ζ)|p
‖f‖1−p
L
p
a(ωα)
(1− |ζ |2)
(2+α)(1−p)
p
ωη(ζ)|g(ζ)|
∣∣∫
D
1
(1− z¯ζ)η+2
dµ(z)
∣∣dA(ζ)
= ‖f‖1−p
L
p
a(ωα)
∫
D
|f(ζ)|p(1− |ζ |2)α(1− |ζ |2)|g(ζ)|
∣∣ ∫
D
1
(1− z¯ζ)η+2
dµ(z)
∣∣dA(ζ).
Denote
I˜(ζ) , (1− |ζ |2)|g(ζ)|
∣∣ ∫
D
1
(1− z¯ζ)η+2
dµ(z)
∣∣
= (1− |ζ |2)|g(ζ)|
∣∣∣∣
∫
D
1− z¯ζ
(1− z¯ζ)η+2
dµ(z) +
∫
D
z¯ζ
(1− z¯ζ)η+2
dµ(z)
∣∣∣∣.
Observe that µ is a 1
p
-Carleson measure for L1a(ωα) and Tµ,η−1(1) ∈ LB
1. Combining [9,
Lemma 2.1] with [12, Lemma 3.10], for ζ ∈ D,
I˜(ζ) ≤ (1− |ζ |2)|g(ζ)|
∫
D
1
|1− z¯ζ |η+1
dµ(z) + (1− |ζ |2)|g(ζ)||Tµ,η−1(1)
′(ζ)|
. (1− |ζ |2) log
2
1− |ζ |2
‖g‖B
[( ∫
D
(1− |z|2)α
|1− zζ¯ |α+2
dA(z)
) 1
p + |Tµ,η−1(1)
′(ζ)|
]
. ‖g‖B + ‖g‖B‖Tµ,η−1(1)‖LB1 . ‖g‖B.
Thus we have
|I1| . ‖f‖Lpa(ωα)‖g‖B.(2.8)
Next we turn to estimate I2. By [12, Proposition 4.17], we obtain
Lpa(ωα) ⊆ L
1
a(ωη−1) ⊆ L
1
a(ωη).(2.9)
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According to (2.9), [12, Theorem 4.14] and Lemma 2.3, we deduce
|I2| =
∣∣∣∣
∫
D
∫
D
f(ζ)
(1− zζ¯)η+2
ωη(ζ)dA(ζ)g(z)dµ(z)−
∫
D
∫
D
f(ζ)g(ζ)
(1− zζ¯)η+2
ωη(ζ)dA(ζ)dµ(z)
∣∣∣∣
≤
∫
D
|f(ζ)|p|f(ζ)|1−pωη(ζ)
∫
D
|g(z)− g(ζ)|
|1− zζ¯ |η+2
dµ(z)dA(ζ)
≤
∫
D
|f(ζ)|p
‖f‖1−p
L
p
a(ωα)
(1− |ζ |2)
(2+α)(1−p)
p
ωη(ζ)
∫
D
|g(z)− g(ζ)|
|1− zζ¯ |η+2
dµ(z)dA(ζ)
=‖f‖1−p
L
p
a(ωα)
∫
D
|f(ζ)|p(1− |ζ |2)α(1− |ζ |2)
∫
D
|g(z)− g(ζ)|
|1− zζ¯ |η+2
dµ(z)dA(ζ)
.‖f‖Lpa(ωα)‖g‖B.
Then the sufficiency part follows from (2.6), (2.7) and (2.8).
To show the necessary part, assume that Tµ,β : L
p
a(ωα) → L
1
a(ωβ) is bounded for
0 < p ≤ 1. By Proposition 2.2, it remains to show that
Tµ,η−1(1) ∈ LB
1.
For z ∈ D, consider the test functions
hz(ζ) ,
(1− |z|2)
(1− ζz¯)η+2
, ζ ∈ D.
Note that ‖hz‖Lpa(ωα) ≍ 1 then
|〈Tµ,β(hz), g〉L2(ωβ)| = (1− |z|
2)
∣∣∣∣
∫
D
g(u)
(1− uz¯)η+2
dµ(u)
∣∣∣∣ . ‖g‖B.(2.10)
for any g ∈ B. Using the following identity,
(1− |z|2)g(z)Tµ,η(1)(z) = 〈Tµ,β(hz), g〉L2(ωβ) + (1− |z|
2)
∫
D
g(z)− g(u)
(1− uz¯)η+2
dµ(u),(2.11)
Lemma 2.3 and (2.10), we obtain that for any g ∈ B,
(1− |z|2)|g(z)Tµ,η(1)(z)| . ‖g‖B.(2.12)
Take the supremum over all g ∈ B with ‖g‖B ≤ 1 and g(0) = 0 to the both sides of (2.12).
According to [12, Theorem 5.7], we have
(1− |z|2) log
2
1− |z|2
|Tµ,η(1)(z)| . 1.(2.13)
Since µ is a 1
p
-Carleson measure for L1a(ωα) and [12, Lemma 3.10], we have
(1− |z|2) log
2
1− |z|2
|Tµ,η−1(1)(z)| ≤(1− |z|
2) log
2
1− |z|2
∫
D
1
|1− uz¯|η+1
dµ(u)
.(1− |z|2) log
2
1− |z|2
( ∫
D
(1− |u|2)α
|1− uz¯|α+2
dA(u)
) 1
p
.1.(2.14)
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Notice that
(η + 1)Tµ,η(1)(z) = (η + 1)Tµ,η−1(1)(z) + z(Tµ,η−1(1))
′(z).(2.15)
Combining (2.13), (2.14) with (2.15), we obtain Tµ,η−1(1) ∈ LB
1, and complete proofs of
the necessity part. 
In the following, we give the proof of Theorem 1.3.
Proof of Theorem 1.3. Necessity. Let c ∈ (1
p
,∞), −1 < β ≤ α < ∞ and t = β+2
α+2
. For
z ∈ D, take testing functions on D
fz(ζ) =
(1− |z|2)(α+2)(c−
1
p
)
(1− z¯ζ)αc+2c
and gz(ζ) =
(1− |z|2)
(α+2)(c− t
q′
)
(1− z¯ζ)αc+2c
.
By [12, Lemma 3.10] and direction calculations,
‖fz‖Lpa(ωα) ≍ 1
and
‖gz‖Lq′a (ωβ)
≍ 1.
It follows from Ho¨lder’s inequality and the boundedness of Tµ,β that
〈Tµ,β(fz), gz〉L2(ωβ) ≤ ‖Tµ,β(fz)‖Lq(ωβ)‖gz‖Lq′(ωβ) ≤ ‖Tµ,β‖Lp(ωα)→Lq(ωβ)‖fz‖Lp(ωα)‖gz‖Lq′ (ωβ).
Take r ∈ (0, 1). According to Fubini’s Theorem, we deduce
〈Tµ,β(fz), gz〉L2(ωβ) =
∫
D
fz(ζ)gz(ζ)dµ(ζ)
= (1− |z|2)
(α+2)(2c− 1
p
− t
q′
)
∫
D
1
|1− z¯ζ |2αc+4c
dµ(ζ)
≥ (1− |z|2)(α+2)(2c−
1
p
− t
q′
)
∫
D(z,r)
1
|1− z¯ζ |2αc+4c
dµ(ζ)
≍
µ(D(z, r))
(1− |z|2)(α+2)(
1
p
+ t
q′
)
.(2.16)
Hence,
sup
z∈D
µ(D(z, r))
(1− |z|2)
(α+2)( 1
p
+ t
q′
)
<∞,
which yields that µ is a (1
p
+ t
q′
)-Carleson measure for L1a(ωα).
Sufficiency. Notes that β ≤ α, From [12, Proposition 4.17], for any h ∈ Lq
′
a (ωβ), we
have ∫
D
|h(z)|
q′
t ωα(z)dA(z) .
( ∫
D
|h(z)|q
′
ωβ(z)dA(z)
) 1
t .(2.17)
TOEPLITZ OPERATORS 9
Assume that µ is a (1
p
+ t
q′
)-Carleson measure for L1a(ωα). Together with Fubini’s Theorem,
Ho¨lder’s inequality and (2.17), for any polynomials f and g,
|〈Tµ,β(f), g〉L2(ωβ)| = |〈f, g〉L2(µ)|
≤
∫
D
|f(z)g(z)|dµ(z)
.
(∫
D
|f(z)g(z)|
pq′
q′+ptωα(z)dA(z)
) q′+pt
pq′
≤ ‖f‖Lpa(ωα)
(∫
D
|g(z)|
q′
t ωα(z)dA(z)
) t
q′
. ‖f‖Lpa(ωα)‖g‖Lq′a (ωβ).(2.18)
Therefore, Tµ,β : L
p
a(ωα) → L
q
a(ωβ) is bounded provided 0 < p ≤ 1 < q < ∞ and
−1 < β ≤ α <∞. 
3. Compactness of Toeplitz operators
In this section, we proceed to give descriptions for the compactness of Toeplitz operators
Tµ,β between L
p
a(ωα) and L
q
a(ωβ), and prove Theorem 1.2 and Theorem 1.4.
Recall for 1 ≤ p, q < ∞, the linear operator Tµ,β : L
p
a(ωα) → L
q
a(ωβ) is compact if
for any bounded sequence {fn}
∞
n=1 in L
p
a(ωα), there exists a subsequence of {Tµ,β(fn)}
∞
n=1
that converges in Lqa(ωβ). Note that L
p
a(ωα) is not a Banach space for p ∈ (0, 1). When
Tµ,β acts on the metric space L
p
a(ωα) for p ∈ (0, 1), we call Tµ,β is compact if
lim
n→∞
‖Tµ,β(fn)‖Lqa(ωβ) = 0,
where {fn}
∞
n=1 is a bounded sequence in L
p
a(ωα) such that {fn}
∞
n=1 uniformly converges
to 0 on any compact subsets of D.
For the sake of completeness, we state and include a proof of the following known fact,
which shows that definitions of the compactness for 1 ≤ p < ∞ and 0 < p < 1 are
consistent.
Proposition 3.1. Let −1 < α, β < ∞. Then Tµ,β : L
1
a(ωα) → L
1
a(ωβ) is compact if and
only if
lim
j→∞
‖Tµ,β(fj)‖L1a(ωβ) = 0,
where {fj}
∞
j=1 is a bounded sequence in L
1
a(ωα) such that {fj}
∞
j=1 uniformly converges to
0 on any compact subsets of D.
Proof of Proposition 3.1. Sufficiency. Let {fl}
∞
l=1 be any bounded sequence in L
1
a(ωα).
It follows from [12, Theorem 4.14] that {fl}
∞
l=1 is uniformly bounded on any compact
subsets of D. From Montel’s Theorem, there exist a subsequence {flm}
∞
m=1 of {fl}
∞
l=1
and an analytic function f such that {flm}
∞
m=1 uniformly converges to f on any compact
subsets of D as m → ∞. Moreover, f ∈ L1a(ωα). Since the sequence {flm − f}
∞
m=1
uniformly converges to 0 on any compact subsets of D, together with the hypothesis,
we obtain lim
m→∞
‖Tµ,β(flm − f)‖L1a(ωβ) = 0, which yields that Tµ,β : L
1
a(ωα) → L
1
a(ωβ) is
compact.
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We divide the proof of necessity into two steps. Assume that Tµ,β : L
1
a(ωα) → L
1
a(ωβ)
is compact.
Step 1. We will show that µ is a vanishing Carleson measure for L1a(ωα). Denote by
Sµ,α the integral operator acting on B, for any g ∈ B,
Sµ,α(g)(z) :=
∫
D
g(ζ)
(1− zζ¯)α+2
dµ(ζ), z ∈ D.
From Lemma 2.1, for any f ∈ L1a(ωα) and g ∈ B, we have
〈f, Sµ,α(g)〉L2(ωα) = 〈Tµ,β(f), g〉L2(ωβ) = 〈f, T
∗
µ,β(g)〉L2(ωα).(3.19)
It follows from (3.19) and the compactness of Tµ,β that Sµ,α is compact on B. Choose
c ∈ R such that c > 1. For z ∈ D, take testing functions
fz(ζ) =
(1− |z|2)(α+2)(c−1)
(1− z¯ζ)αc+2c
and gz(ζ) =
(1− |z|2)αc+2c
(1− z¯ζ)αc+2c
, ζ ∈ D.
According to [12, Lemma 3.10] and the fact that µ is a Carleson measure for L1a(ωα) which
is due to Proposition 2.2, for each ζ ∈ D, we get
|Sµ,α(gz)(ζ)| ≤
(1− |z|2)αc+2c
(1− |ζ |)α+2
∫
D
1
|1− z¯u|αc+2c
dµ(u)
.
(1− |z|2)αc+2c
(1− |ζ |)α+2
∫
D
(1− |u|2)α
|1− z¯u|αc+2c
dA(u)
≍
(1− |z|
1− |ζ |
)α+2
,
which yields that
lim
|z|→1−
Sµ,α(gz)(ζ) = 0.(3.20)
Note that {gz} is a bounded sequence in B. Then there exists a subsequence {gzk}
∞
k=1
such that lim
k→+∞
‖Sµ,α(gzk)− g‖B = 0 by the compactness of Sµ,α. Since norm convergence
implies pointwise convergence in B, together with (3.20), we know g = 0, and hence,
lim
k→+∞
‖Sµ,α(gzk)‖B = 0.
Next we claim that
lim
|z|→1−
‖Sµ,α(gz)‖B = 0.(3.21)
If otherwise, then there exists a subsequence {gzn}
∞
n=1 such that
lim
n→+∞
‖Sµ,α(gzn)‖B = δ0 > 0.
Apply the initial arguments to {gzn}
∞
n=1, we can find a subsequence {gznk}
∞
k=1 such that
lim
k→+∞
‖Sµ,α(gznk )‖B = 0, which is a contradiction.
Take r ∈ (0, 1). Using a similar argument as in the proof of Proposition 2.2, for any
z ∈ D,
µ(D(z, r))
(1− |z|2)α+2
. 〈Tµ,β(fz), gz〉L2(ωβ) = 〈fz, Sµ,α(gz)〉L2(ωα) ≤ ‖fz‖L1a(ωα)‖Sµ,α(gz)‖B.
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Combining with (3.21), we deduce
lim
|z|→1−
µ(D(z, r))
(1− |z|2)α+2
= 0,
which finishes this step.
Step 2. Let {fj}
∞
j=1 be any bounded sequence in L
1
a(ωα) such that {fj}
∞
j=1 uniformly
converges to 0 on any compact subsets of D. For δ ∈ (0, 1), consider a δ-lattice {ξi}
∞
i=1
and rearrange the sequence {ξi}
∞
i=1 such that |ξ1| ≤ |ξ2| ≤ · · · → 1
−. From Step 1, for
any given ε > 0, there exists k0 ∈ N such that for any i > k0, it holds that
µ(D(ξi, 5δ))
(1− |ξi|2)α+2
< ε.
Observe that there exists r0 ∈ (0, 1) such that D\r0D ⊆
⋃∞
i=k0+1
D(ξi, 5δ). Moreover,
there also exists k′ ∈ N such that for any j ≥ k′, |fj| < ε on D(0, r0). Together with the
property of subharmonicity, for ζ ∈ D and j ≥ k′, we obtain
|Tµ,β(fj)(ζ)| ≤
∫
D(0,r0)
|fj(u)|
|1− ζu¯|β+2
dµ(u) +
∫
D\D(0,r0)
|fj(u)|
|1− ζu¯|β+2
dµ(u)
<
εµ(D(0, r0))
(1− |ζ |)β+2
+
1
(1− |ζ |)β+2
∞∑
i=k0+1
∫
D(ξi,5δ)
|fj(u)|dµ(u)
<
εµ(D(0, r0))
(1− |ζ |)β+2
+
1
(1− |ζ |)β+2
∞∑
i=k0+1
µ(D(ξi, 5δ)) sup
u∈D(ξi,5δ)
|fj(u)|
.
εµ(D(0, r0))
(1− |ζ |)β+2
+
1
(1− |ζ |)β+2
∞∑
i=k0+1
µ(D(ξi, 5δ))
(1− |ξi|2)α+2
∫
D(ξi,6δ)
|fj(u)|ωα(u)dA(u)
.
εµ(D(0, r0))
(1− |ζ |)β+2
+
ε‖fj‖L1a(ωα)
(1− |ζ |)β+2
.
Thus, for ζ ∈ D, we get
lim
j→∞
Tµ,β(fj)(ζ) = 0.(3.22)
There exists a subsequence {fjk}
∞
k=1 of {fj}
∞
j=1 such that
lim
k→+∞
‖Tµ,β(fjk)− f‖L1a(ωβ) = 0
by the compactness of Tµ,β. Then, up to passing to a subsequence if necessary,
lim
k→+∞
Tµ,β(fjk)(ζ) = f(ζ), ζ ∈ D, a.e.
Together with (3.22), we know ‖f‖L1a(ωβ) = 0. Hence, we have
lim
k→+∞
‖Tµ,β(fjk)‖L1a(ωβ) = 0.
Thus, we conclude that lim
j→∞
‖Tµ,β(fj)‖L1a(ωβ) = 0 by contradiction as a similar argument
with (3.21). This completes the proof. 
Next we give a necessary condition for the compactness of Tµ,β : L
p
a(ωα) → L
1
a(ωβ)
when 0 < p ≤ 1 and −1 < α, β <∞.
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Proposition 3.2. Let µ be a positive Borel measure, 0 < p ≤ 1 and −1 < α, β < ∞. If
Tµ,β : L
p
a(ωα)→ L
1
a(ωβ) is compact, then µ is a vanishing
1
p
-Carleson measure for L1a(ωα).
Proof. For z ∈ D, take the constant c and the same testing functions fz and gz as ones in
the proof of Proposition 2.2. Observe that ‖fz‖Lpa(ωα) ≍ 1 and {fz} uniformly converges
to 0 on any compact subsets of D as |z| → 1−. From the compactness of Tµ,β : L
p
a(ωα)→
L1a(ωβ), we deduce
lim
|z|→1−
‖Tµ,β(fz)‖L1a(ωβ) = 0.
Together with (2.3), for r ∈ (0, 1), we have
µ(D(z, r))
(1− |z|2)
α+2
p
. 〈Tµ,β(fz), gz〉L2(ωβ) ≤ ‖Tµ,β(fz)‖L1(ωβ)‖gz‖B → 0, as |z| → 1
−,
which yields that
lim
|z|→1−
µ(D(z, r))
(1− |z|2)
α+2
p
= 0.
Hence, we know that µ is a vanishing 1
p
-Carleson measure for L1a(ωα). 
We are now in a position to give the proof of Theorem 1.2.
Proof of Theorem 1.2. Let η = 2+α−p
p
be the same constant as the one in the proof of
Theorem 1.1. Let {fj}
∞
j=1 be a sequence in L
p
a(ωα) such that ‖fj‖Lpa(ωα) ≤ 1 and {fj}
∞
j=1
uniformly converges to 0 on any compact subsets of D. Then it is sufficient to show that
lim
j→∞
‖Tµ,β(fj)‖L1a(ωβ) = 0.
By Lemma 2.1, for any g ∈ B, we have
〈Tµ,β(fj), g〉L2(ωβ) =
∫
D
fj(z)g(z)dµ(z)
=
∫
D
Pωη(fj g¯)(z)dµ(z) +
(∫
D
(fj g¯)(z)dµ(z)−
∫
D
Pωη(fj g¯)(z)dµ(z)
)
,(3.23)
where Pωη is the orthogonal projection from L
2(ωη) to L
2
a(ωη). Let
I1,j =
∫
D
Pωη(fj g¯)(z)dµ(z)(3.24)
and
I2,j =
∫
D
(fj g¯)(z)dµ(z)−
∫
D
Pωη(fj g¯)(z)dµ(z).(3.25)
Here we give estimations for I1,j and I2,j respectively. For simplicity, part of the following
proof is omitted, which can be referred to the corresponding arguments in the proof of
Theorem 1.1. Using the condition that µ is a vanishing 1
p
-Carleson measure for L1a(ωα)
and Tµ,η−1(1) ∈ LB
1
0, together with [12, Lemma 3.10], for any given ε > 0, there exists
λ ∈ (0, 1) such that for any ζ ∈ D and λ ≤ |ζ | < 1, it holds that
(1− |ζ |2) log
2
1− |ζ |2
∫
D
1
|1− z¯ζ |η+1
dµ(z) < ε(3.26)
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and
(1− |ζ |2) log
2
1− |ζ |2
|Tµ,η−1(1)
′
(ζ)| < ε.(3.27)
Moreover, there also exists k0 ∈ N such that for any j > k0, |fj |
p < ε on λD. Combining
(3.26), (3.27), [12, Theorem 4.14] with [9, Lemma 2.1], for any j > k0, we obtain
|I1,j| ≤‖fj‖
1−p
L
p
a(ωα)
∫
D
|fj(ζ)|
pωα+1(ζ)|g(ζ)|
∣∣∫
D
1
(1− z¯ζ)η+2
dµ(z)
∣∣dA(ζ)
.‖g‖B‖fj‖
1−p
L
p
a(ωα)
[ ∫
λD
|fj(ζ)|
pωα+1(ζ) log
2
1− |ζ |2
∫
D
1
|1− z¯ζ |η+1
dµ(z)dA(ζ)
+
∫
λD
|fj(ζ)|
pωα+1(ζ) log
2
1− |ζ |2
|Tµ,η−1(1)
′
(ζ)|dA(ζ)
+
∫
D\λD
|fj(ζ)|
pωα(ζ)(1− |ζ |
2) log
2
1− |ζ |2
∫
D
1
|1− z¯ζ |η+1
dµ(z)dA(ζ)
+
∫
D\λD
|fj(ζ)|
pωα(ζ)(1− |ζ |
2) log
2
1− |ζ |2
|Tµ,η−1(1)
′
(ζ)|dA(ζ)
]
.ε‖g‖B‖fj‖
1−p
L
p
a(ωα)
ωα+1(λD) + 2ε‖g‖B‖fj‖Lpa(ωα),
which yields that
(3.28) |I1,j| . ε‖g‖B, for j > k0.
For a fixed r ∈ (0, 1), consider an r-lattice {ξi}
∞
i=1. We rearrange the sequence {ξi}
∞
i=1
such that |ξ1| ≤ |ξ2| ≤ · · · → 1
−. By using the hypothesis that µ is a vanishing 1
p
-Carleson
measure for L1a(ωα), for the ε (ε is first mentioned in (3.26)), there exists k ∈ N such that
for any i > k
µ(D(ξi, 5r))
(1− |ξi|2)
α+2
p
< ε.(3.29)
Notice that there exists r0 ∈ (0, 1) such that
D\r0D ⊆
∞⋃
i=k+1
D(ξi, 5r).(3.30)
Let
Î(ζ) = (1− |ζ |2)
∣∣∣∣
∫
D
g(ζ)− g(z)
(1− z¯ζ)η+2
dµ(z)
∣∣∣∣.(3.31)
Take a constant c such that c ∈ (max{0, 1− η}, 1). Note that there exists ρ ∈ (0, 1) such
that for any ζ ∈ D and ρ ≤ |ζ | < 1, it holds that
(1− |ζ |2)c < ε.(3.32)
From the proof of Lemma 2.3, for ζ ∈ D, we have
Î(ζ) .‖g‖B(1− |ζ |
2)c
∫
r0D
(1− |z|2)c−1
|1− ζ¯z|2c+η
dµ(z) + ‖g‖B(1− |ζ |
2)c
∫
D\r0D
(1− |z|2)c−1
|1− ζ¯z|2c+η
dµ(z)
,Î1(ζ) + Î2(ζ).
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Together with (3.29), (3.30), (3.32), the property of subharmonicity and [12, Lemma 3.10],
for ζ ∈ D and ρ ≤ |ζ | < 1, we deduce
Î1(ζ) ≤‖g‖B(1− |ζ |
2)c
µ(r0D)
(1− r0)c+η+1
. ε‖g‖B
and
Î2(ζ) ≤‖g‖B(1− |ζ |
2)c
∞∑
i=k+1
µ(D(ξi, 5r)) sup
z∈D(ξi,5r)
(1− |z|2)c−1
|1− ζ¯z|2c+η
.‖g‖B(1− |ζ |
2)c
∞∑
i=k+1
µ(D(ξi, 5r))
(1− |ξi|2)α+2
∫
D(ξi,6r)
(1− |u|2)c+α−1
|1− ζ¯u|2c+η
dA(u)
≍‖g‖B(1− |ζ |
2)c
∞∑
i=k+1
µ(D(ξi, 5r))
(1− |ξi|2)
α+2
p
∫
D(ξi,6r)
(1− |u|2)c+η−2
|1− ζ¯u|2c+η
dA(u)
.ε‖g‖B(1− |ζ |
2)c
∫
D
(1− |u|2)c+η−2
|1− ζ¯u|2c+η
dA(u)
≍ε‖g‖B.
Hence, we have
Î(ζ) . ε‖g‖B, for ζ ∈ D and ρ ≤ |ζ | < 1.(3.33)
There also exists k′ ∈ N such that for any j > k′, |fj |
p < ε on ρD. Combining (2.9),
(3.25), (3.31), (3.33), Lemma 2.3 with [12, Theorem 4.14], for any j > k′, we get
|I2,j| ≤‖fj‖
1−p
L
p
a(ωα)
[ ∫
D\ρD
|fj(ζ)|
p(1− |ζ |2)α(1− |ζ |2)
∣∣∣∣
∫
D
g(z)− g(ζ)
(1− ζz¯)η+2
dµ(z)
∣∣∣∣dA(ζ)
+
∫
ρD
|fj(ζ)|
p(1− |ζ |2)α(1− |ζ |2)
∣∣∣∣
∫
D
g(z)− g(ζ)
(1− ζz¯)η+2
dµ(z)
∣∣∣∣dA(ζ)
]
.ε‖fj‖Lpa(ωα)‖g‖B + εωα(ρD)‖fj‖
1−p
L
p
a(ωα)
‖g‖B,
from which it follows that
(3.34) |I2,j | . ε‖g‖B, for j > k
′.
By (3.23), (3.24), (3.25), (3.28) and (3.34), it yields that Tµ,β : L
p
a(ωα) → L
1
a(ωβ) is
compact, where p ∈ (0, 1] and α, β ∈ (−1,+∞). Here we finish the sufficiency part.
In what follows, we consider the necessity part. From Proposition 3.2, we know that µ
is a vanishing 1
p
-Carleson measure for L1a(ωα). It is sufficient to show
Tµ,η−1(1) ∈ LB
1
0,
where
η =
2 + α− p
p
.
For z ∈ D, choose the testing functions hz be the same as in the proof of Theorem 1.1.
Notice that ‖hz‖Lpa(ωα) ≍ 1 and {hz} uniformly converges to 0 on any compact subsets
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of D as z approaches to T. Then lim
|z|→1−
‖Tµ,β(hz)‖L1a(ωβ) = 0 by the compactness of Tµ,β.
Hence, for any g ∈ B, we get
|〈Tµ,β(hz), g〉L2(ωβ)| = (1− |z|
2)
∣∣∣∣
∫
D
g(u)
(1− uz¯)η+2
dµ(u)
∣∣∣∣ ≤ ‖Tµ,β(hz)‖L1a(ωβ)‖g‖B → 0,
(3.35)
as |z| → 1−. Together with (2.11), (3.31), (3.33), (3.35) and [12, Theorem 5.7], we obtain
lim
|z|→1−
(1− |z|2) log
2
1− |z|2
|Tµ,η(1)(z)| = 0.(3.36)
Since µ is a vanishing 1
p
-Carleson measure for L1a(ωα), combining with [12, Lemma 3.10],
we know
lim
|z|→1−
(1− |z|2) log
2
1− |z|2
|Tµ,η−1(1)(z)| = 0.(3.37)
It follows from (2.15), (3.36) and (3.37) that Tµ,η−1(1) ∈ LB
1
0. Thus, we complete the
proof. 
Finally, we give the proof of Theorem 1.4.
Proof of Theorem 1.4. Necessity. Let −1 < β ≤ α < ∞ and t = β+2
α+2
. Choose a constant
c ∈ (1
p
,∞). For z ∈ D, take the same testing functions fz and gz as ones in the proof of
Theorem 1.3. Note that
‖fz‖Lpa(ωα) ≍ 1
and {fz} uniformly converges to 0 on any compact subsets of D as |z| → 1
−. Then we
deduce
lim
|z|→1−
‖Tµ,β(fz)‖Lqa(ωβ) = 0.
Together with (2.16) and Ho¨lder’s inequality, for r ∈ (0, 1), we deduce
µ(D(z, r))
(1− |z|2)
(α+2)( 1
p
+ t
q′
)
. 〈Tµ,β(fz), gz〉L2(ωβ) ≤ ‖Tµ,β(fz)‖Lq(ωβ)‖gz‖Lq′(ωβ) → 0, as |z| → 1
−,
which yields that µ is a vanishing (1
p
+ t
q′
)-Carleson measure for L1a(ωα).
Sufficiency. Assume that µ is a vanishing (1
p
+ t
q′
)-Carleson measure for L1a(ωα). Let
δ ∈ (0, 1). Take a δ-lattice {ξi}
∞
i=1 such that |ξ1| ≤ |ξ2| ≤ · · · → 1
−. Then for any given
ε > 0, there exists k ∈ N such that
µ(D(ξi, 5δ))
(1− |ξi|2)
(α+2)( 1
p
+ t
q′
)
< ε, for any i > k.(3.38)
Moreover, there exists r0 ∈ (0, 1) such that
D\D(0, r0) ⊆
∞⋃
i=k+1
D(ξi, 5δ).(3.39)
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Let {fn}
∞
n=1 be a bounded sequence in L
p
a(ωα) such that ‖fn‖Lpa(ωα) ≤ 1 and {fn}
∞
n=1
uniformly converges to 0 on any compact subsets of D. To show Tµ,β : L
p
a(ωα) → L
q
a(ωβ)
is compact, it is sufficient to prove that
lim
n→∞
‖Tµ,β(fn)‖Lqa(ωβ) = 0.
Let µr0 = χD(0,r0)µ and µr˜0 = χD\D(0,r0)µ. According to (3.38), (3.39), the property of
subharmonicity and [12, Proposition 4.17], we deduce
‖fn‖L1(µr˜0 ) ≤
∞∑
i=k+1
µ(D(ξi, 5δ)) sup
z∈D(ξi,5δ)
|fn(z)|
.
∞∑
i=k+1
µ(D(ξi, 5δ))
(1− |ξi|2)α+2
∫
D(ξi,6δ)
|fn(z)|ωα(z)dA(z)
≍
∞∑
i=k+1
µ(D(ξi, 5δ))
(1− |ξi|2)
(α+2)(q′+pt)
pq′
∫
D(ξi,6δ)
|fn(z)|(1− |z|
2)
(α+2)(q′+pt)
pq′
−2
dA(z)
.ε
∫
D
|fn(z)|(1 − |z|
2)
(α+2)(q′+pt)
pq′
−2
dA(z)
.ε‖fn‖
L
pq′
q′+pt
a (ωα)
, for n ∈ N.(3.40)
Notice that µr˜0 is a (
q′+pt
pq′
)-Carleson measure for L1a(ωα). Then (2.18) also holds by
substituting µr˜0 for µ. Hence, combining with (3.40), we conclude that
‖Tµr˜0 ,β‖L
p
a(ωα)→L
q
a(ωβ) . ‖Id‖
L
pq′
q′+pt
a (ωα)→L1(µr˜0 )
. ε.(3.41)
Observe that there exists k′ ∈ N such that |fn| < ε on r0D for any n > k
′. Since µr0
is also a (1
p
+ t
q′
)-Carleson measure for L1a(ωα), together with Fubini’s Theorem, Ho¨lder’s
inequality and (2.17), for any g ∈ Lq
′
a (ωβ), it yields that
|〈Tµr0 ,β(fn), g〉L2(ωβ)| ≤
∫
D
|fn(z)g(z)|dµr0(z)
≤‖fn‖
L
q′+pt
q′ (µr0 )
‖g‖
L
q′+pt
pt (µr0 )
.ε
( ∫
D
|g(z)|
q′
t ωα(z)dA(z)
) t
q′
.ε‖g‖Lq′(ωβ), for n > k
′.(3.42)
Combining (3.41) with (3.42), we obtain
‖Tµ,β(fn)‖Lqa(ωβ) .‖Tµr0 ,β(fn)‖Lqa(ωβ) + ‖Tµr˜0 ,β(fn)‖Lqa(ωβ)
≤ sup
{g:‖g‖
L
q′
a (ωβ)
≤1}
|〈Tµr0 ,β(fn), g〉L2(ωβ)|+ ‖Tµr˜0 ,β‖L
p
a(ωα)→L
q
a(ωβ)‖fn‖Lpa(ωα)
.ε, for n > k′.
Thus, we conclude that lim
n→∞
‖Tµ,β(fn)‖Lqa(ωβ) = 0, which completes the proof. 
TOEPLITZ OPERATORS 17
Acknowledgements
This work is partially supported by National Natural Science Foundation of China.
S.WANG thanks Professor Yongjiang Duan for his guidance and continuous encourage-
ment. Z.WANG is partially supported by Natural Science Basic Research Program of
Shaanxi (Program No. 2020JM-278). He also thanks the support of the School of Math-
ematics and Statistics, Northeast Normal University for his visit to Changchun.
References
[1] Yongjiang Duan, Kunyu Guo, SiyuWang, ZipengWang, Toeplitz operators on the weighted Bergman
spaces, arXiv:2002.06771 Feb 2020.
[2] Peter L. Duren, Alexander Schuster, Bergman Spaces, Math. Surveys Monogr., vol. 100, American
Mathematical Society, Providence, RI, 2004.
[3] Xiang Fang, Zipeng Wang, Two weight inequalities for the Bergman projection with doubling mea-
sures, Taiwanese J. Math. 19 (3) (2015) 919–926.
[4] Daniel H. Luecking, Embedding theorems for spaces of analytic functions via Khinchine’s inequality,
Michigan Math. J. 40 (2) (1993) 333–358.
[5] Daniel H. Luecking, Trace ideal criteria for Toeplitz operators, J. Funct. Anal. 73 (2) (1987) 345–368.
[6] Jordi Pau, Ruhan Zhao, Carleson measures and Toeplitz operators for weighted Bergman spaces on
the unit ball, Michigan Math. J. 64 (4) (2015) 759–796.
[7] Jose´ A´ngel Pela´ez, Jouni Ra¨ttya¨, Weighted Bergman spaces induced by rapidly increasing weights,
Mem. Amer. Math. Soc. 227 (1066) (2014) vi, 124 pp.
[8] Jose´ A´ngel Pela´ez, Jouni Ra¨ttya¨, Kian Sierra, Berezin transform and Toeplitz operators on Bergman
spaces induced by regular weights, J. Geom. Anal. 28 (1) (2018) 656–687.
[9] Xiongliang Wang, Taishun Liu, Toeplitz operators on Bloch-type spaces in the unit ball of Cn, J.
Math. Anal. Appl. 368 (2) (2010) 727–735.
[10] Zhijian Wu, Ruhan Zhao, Nina Zorboska, Toeplitz operators on Bloch-type spaces, Proc. Amer.
Math. Soc. 134 (12) (2006) 3531–3542.
[11] Kehe Zhu, Positive Toeplitz operators on weighted Bergman spaces of bounded symmetric domains,
J. Operator Theory 20 (2) (1988) 329–357.
[12] Kehe Zhu, Operator Theory in Function Spaces, second ed., Math. Surveys Monogr., vol. 138,
American Mathematical Society, Providence, RI, 2007.
Siyu WANG: School of Mathematics and Statistics, Northeast Normal University,
Changchun, Jilin 130024, P.R.China
E-mail address : wangsy696@nenu.edu.cn
Zipeng WANG: College of Mathematics and Statistics, Chongqing University, Chongqing,
401331, P.R.China
E-mail address : zipengwang2012@gmail.com, zipengwang@cqu.edu.cn
